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Abstract
Many muqarnas ground projection plans contain stars with unequal edge lengths in their compositions. In this study, the geometric reasons behind the unequality of star edge lengths in muqarnas ground projection plans have been searched. The main gates with complex-looking muqarnas belonging to the period of Suleiman the Magnificent (Kanuni Sultan Suleyman), designed by Architect Sinan in Istanbul, have been selected to examine. From the data obtained by 3D laser scanning and from the verification made, it has been confirmed that there are stars with unequal edge lengths in these muqarnas plans. From the geometrical examinations made according to the shape grammar theory, it was concluded that the muqarnas plans were created using spider-web grid and square grid layouts. It was also concluded that these grid types cause some of the star edge lengths to be unequal.
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Introduction
Muqarnas is known as ornamentation used in Islamic architecture. Muqarnas can be of different types and complexity. However, according to many researchers such as Ozdural [1] and Garafalo [2], muqarnas are created by lifting compositions produced in two dimensions to the third dimension. When we look at two-dimensional muqarnas ground projection plans, we see stars like in Islamic patterns. As seen in the Islamic geometric pattern analysis in the books of Bonner [3] and Broug [4], the majority of the stars in Islamic patterns have equal edge lengths. Also, in the studies of Bourgoin [5], Schneider [6], Critchlow [7], Hankin [8], Cromwell [9], Bodner [10], Agirbas [11] and Redondo-Buitrago and Huylebrouck [12] regarding the stars in Islamic patterns, this situation can be clearly seen. As it can be noticed in the muqarnas plan drawings of Uluengin [13], the stars in the muqarnas plans can be with or without equal edge lengths. We can call stars with equal edge lengths as regular stars and stars with unequal edge lengths as irregular stars. The muqarnas at main gates, which create a certain volume, generally have a wide variety of star polygon compositions in their ground projection plans. The edge lengths of the stars in these star compositions can also be equal or not.
The examples in Necipoglu’s [14] and Uluengin’s [13] books show stars with unequal edge lengths in muqarnas projection plans. Although the researchers such as Ozdural [15], Dold-Samplonius and Harmsen [16], Elkhateeb [17], Hamekasi et al. [18], Castera [19], Kharazmi and Sarhangi [20], Gherardini and Leali [21], Kashef [22], Yaghan [23] and Takahashi [24] examined the structure of the muqarnas from various aspects, none of them focussed on the geometric reason for the unequal edge lengths of the stars in the muqarnas plans. Agirbas and Yildiz’s previous study [25] is the first study related to the geometrical reason for unequal edge lengths of the stars in the muqarnas plans. For this, muqarnas at the main gate of Atik Valide Mosque, which is simpler than many other muqarnas at main gates, were chosen to be examined, and this muqarnas was examined in its second and third dimensions in the framework of shape grammar theory. According to this study, the reason of the edge lengths of the stars in the muqarnas plan being unequal is that the plan layout may have been created with an ellipse. The ellipse layout fits perfectly with the plan obtained as a result of 3D laser scanning [25].
As the next step of the mentioned study, it was aimed to analyze the stars in the plans of the more complex-looking muqarnas at main gates, and to investigate the geometrical reasons of unequal edge lengths of the stars. In this study, the same method based on shape grammar was used. The geometric formation of the muqarnas plan was created based on the rules.
Main gates are monumental gates of public buildings [26]. In various periods of history, they gained importance as the most striking and prominent element of the outer mass [27]. In Islamic architecture, it is seen that the main gates are usually accompanied by muqarnas, and these muqarnas are more magnificent than the muqarnas in other parts of the building. However, the muqarnas on some main gates are more volumetric, layered and deeper than others, and therefore they are more complex mathematically. This makes the main gates with this type of muqarnas more imposing and ostentatious. Therefore, this study focuses on this type of main gate muqarnas. In addition, in this study, it has been focussed on the works of Architect Sinan in Istanbul, and particularly focussed on the main gate entrance of the mosques. In this way, the scope of the study has been limited according to the time and region. The muqarnas to be analyzed were pre-examined on the basis of the difference in their plans. In this preliminary study, by looking at the most-armed star in the muqarnas frame, muqarnas with various numbers of the most-armed stars (muqarnas at Suleymaniye Mosque has 8-armed star as the most-armed completed star, muqarnas at Sehzade Mosque has 10-armed star as the most-armed completed star, muqarnas at Mihrimah Sultan Mosque has 7-armed star as the most-armed completed star, muqarnas at Atik Valide Mosque has 6-armed star as the most-armed completed star) were selected for examination. In this way, it is aimed to examine the muqarnas plans that are as different from each other as possible on the basis of plan.
The muqarnas at the main gates of Mihrimah Mosque, Sehzade Mosque and Suleymaniye Mosque, which were designed by Architect Sinan in the period of Suleiman the Magnificent, were selected to examine in this study. The characteristics of these mosques and the characteristics of the Atik Valide Mosque, which was the subject of the previous study, are given in Table 1. However, the geometries of the muqarnas plans obtained by 3D laser scanning were as complex as their lookings. As a first impression, it was seen that two of the three muqarnas plans had a radial layout as in the Atik Valide Mosque main gate muqarnas plan and one had a gridal layout.Table 1General information about the mosques where the main gate muqarnas are analyzed.
The date ranges are taken from Gunay [28], other information is from Eris et al. [29] and Seker [30]



	Name of the mosque
	Location
	Architect
	Construction date
	Explanations

	Mihrimah Sultan Mosque
	Uskudar, Istanbul
	Architect Sinan
	1540–1548
	It is the mosque built by Suleiman the Magnificent on behalf of his daughter Mihrimah Sultan

	Sehzade Mosque
	Fatih, Istanbul
	Architect Sinan
	1543–1548
	It is the mosque built by Suleiman the Magnificent on behalf of his son Sehzade Mehmet

	Suleymaniye Mosque
	Fatih, Istanbul
	Architect Sinan
	1550–1557
	It is the mosque built by Suleiman the Magnificent on behalf of himself

	Atik Valide Mosque
	Uskudar, Istanbul
	Architect Sinan
	1570–1579/1583
	It was built by Murad the III`s mother Nurbanu Sultan




Although we tried to apply an elliptical layout for these radial plans as we tried in the muqarnas plan of the Atik Valide Mosque main gate, we could not achieve a satisfactory result. We thought that a simpler way should be followed to create these more complex muqarnas plans. These muqarnas with radial plans had a different aspect than that of main gate muqarnas of the Atik Valide Mosque. The arms of the stars were looking at each other (reciprocally touching arms) as if they were lined up on a strip. There were many rows of stripes in this way. When we look at the muqarnas plan composition, this was the most dominant point. Therefore, we focused on these dominant strips in these muqarnas plans.
Methodology
In order to find the true proportions of muqarnas plans, the main gates of the mosques were first scanned with 3D laser scanning. FARO 3D laser scanning tool was used for this process. The scans were performed several times for each main gate to create precise models. All scans were transferred to the Scene program and the scans were overlapped for each gate (Fig. 1). After this stage, the point cloud models of main gate muqarnas were formed (Fig. 2). Since the research will be carried out on the projection plans of the muqarnas, orthophoto of the muqarnas models, which were obtained as point cloud, were created. These images were used as a base in the muqarnas plan drawings (Fig. 3).[image: ../images/40494_2022_647_Fig1_HTML.png]
Fig. 1Analyzed main gate muqarnas

[image: ../images/40494_2022_647_Fig2_HTML.png]
Fig. 2Proportional front views of the main gates, obtained from the point cloud model (The main gate of Mihrimah Sultan Mosque, The main gate of Sehzade Mosque, The main gate of Suleymaniye Mosque, The main gate of Atik Valide Mosque, respectively)

[image: ../images/40494_2022_647_Fig3_HTML.png]
Fig. 3Orthophotos of the muqarnas obtained from the point cloud model


The projection plans of muqarnas were prepared by using the orthophotos. While doing this, AutoCAD program was used. The muqarnas plans were examined through the shape grammar theory. According to the shape grammar theory, the forms are examined based on rules [31, 32]. The number of the rules depends on the type of the shapes, and the shapes are modified according to the rule series. The number of the rules can be changed according to the complexity of the analysed geometry. Therefore, the basic shapes and the reshaping of these shapes based on mathematical rules were taken as a methodology for the creation of the forms in the muqarnas plans.
In the book of Necipoglu [14], edited construction lines (layouts) for various muqarnas plans in Topkapi scroll segments have been drawn. It has been revealed that many of plan layouts in the scroll consist of radial networks and many circles. Also, it can be seen that, Uluengin [13] (architect born in 1920) used partial radial networks and circles for creation of some radial muqarnas plan hand drawings in his building survey studies. We also use radial networks and circles to form radial muqarnas plan layouts.
In this study, spider web segmentation dimensions are also determined for radial muqarnas plans according to the sizes of the units such as stars, star arms and star centers. And, the precise sizes of the units have been obtained with the laser scanning. The horizontal and vertical sizes of the grid have been determined according to the completed star units. The actual muqarnas plan (cropped plan) may not include complete star units at corners. For the analysis, the star units have been kept as complete stars, since the plans have been examined according to the shape grammar theory. Also, this method helps to see the family of the half stars at the corners in the whole picture and helps to determine the equality of the star arms mathematically. Furthermore, according to Uluengin’s [13] findings, Ottoman craftsmen did not produce a separate layout for each work, but used different parts of a layout for different places (e.g. main gate, mihrab, column heading) (Fig. 4). That’s why, it has been found appropriate to draw the complete picture of the muqarnas with completed stars (complete layout). After drawing the complete picture of the muqarnas, it has been cropped according to the actual frame. The intermediary parts that are not parts of the star compositions have been added to the rule set after cropping.[image: ../images/40494_2022_647_Fig4_HTML.png]
Fig. 4Muqarnas plans produced from the same layout. Istanbul Suleymaniye Mosque main gate and Konya Selimiye Mosque main gate (a, b, c, ç points), Istanbul Beyazit Mosque courtyard west door and Edirne Selimiye Mosque main gate (a, d, e, f points), column header (g, h, ı, i points), mihrab (j, k, l, m, n, o points and ö, p, r, s, t, u points), lower part of minaret balcony (x, v, y, z points) [13]


No historical documents have been found regarding to the drawing principles of the analysed muqarnas cases. However, there are hand drawing of Sedat Cetintas [33] (architect born in 1889), which include the muqarnas at main gates of Suleymaniye Mosque and Sehzade Mosque [34, 35]. When the results of laser scanning and Cetintas’s building survey drawings are compared, it is seen that they overlap with each other.
Results and discussion
The plan formation of muqarnas at Mihrimah Sultan Mosque main gate
The plan formation of muqarnas at Mihrimah Sultan Mosque main gate was examined within the framework of the shape grammar theory. The rule-based examination of the forms is given in Figs. 5, 6, 7, 8, 9 and Additional file 1: Movie S1. The detailed explanation of the rules is listed below.	For the geometric analysis of the selected muqarnas plan, main axes with 30° angle between them, and intermediary axes with 15° angle to the main axes were created (rule 1, sub rule 1). With reference to these axes, a radial grid system was created at equal intervals similar to the spider-web grid (rule 1, sub rule 2). In this study, this system will be called as spider-web grid.

	To create the first star, a circle was created in the center of the spider-web grid. The intersection points of this circle with the intermediary axes and the intersection points of the main axes with the first strip of the spider-web grid were determined (rule 2, sub rule 1). Afterwards, the first star was created via forming lines between these points (rule 2, sub rule 2).

	For the second star formation, another circle was created. The intersection points between this circle and the intermediary axes were determined (rule 3, sub rule 1). By creating lines between these points and the points determined during the first star formation, a second star was created (rule 3, sub rule 2).

	For the third star formation, the intersection points between the second strip of the spider-web grid and the main axes were determined (rule 4, sub rule 1). By forming lines between these points and the points determined in the formation of the second star, the third star was created (rule 4, sub rule 2).

	For the formation of five-point irregular star polygon in rule 5, a reference circle was created using the points determined on the grid (rule 5, sub rule 1). Then, a pentagon, which lies in the halfway of the space between the strips of the spider-web grid, was created (rule 5, sub rule 2). Irregular star was formed with using the circle and the pentagon (rule 5, sub rule 3). The resulting five-point irregular star was replicated into 12 arranged in circular formation with reference to the origin point (rule 5, sub-rule 4). Thus, five-point irregular star formation was completed.

	For the formation of four-point irregular star polygon in rule 6, the corresponding points were determined on the spider-web grid (rule 6, sub rule 1). Next, an octagon was created on the intersection of the fourth strip of the spider-web grid and the main axle (rule 6, sub rule 2). The lines were formed between the octagon and the points, so the star arms were obtained (rule 6, sub rule 3). The resulting four-point irregular star was replicated into 12 arranged in circular formation with reference to the origin point (rule 6, sub rule 4). Thus, four-point irregular star formation was completed.

	For the formation of seven-point irregular star polygon in rule 7, a circle was determined by referring to the points determined on the spider-web grid (rule 7, sub rule 1). Then, a heptagon was formed with four corners on the strips of spider-web grid (rule 7, sub rule 2). In order to create the star arms close to the center of the spider-web grid, the points determined on the circle and the lines were created between these points and the heptagon. The other arms of the star were obtained by creating isosceles triangles formed between the heptagon and the circle. In this muqarnas plan, as the Sehzade Mosque muqarnas plan formation, a slight length extension was made in the two star arms so that the arms of the stars could touch each other when replication was done (rule 7, sub rule 3). The resulting seven-point irregular star was replicated into 12 arranged in circular formation with reference to the origin point (rule 7, sub rule 4). Thus, seven-point irregular star formation was completed. It is noteworthy that the arms of the stars are lined up on a spider strip at this stage.

	In rule 8, a five-point regular star polygon (a star with equal edge lengths) was created. First, a circle was obtained by referring to the seven-point irregular stars (rule 8, sub rule 1). Next, a pentagon was formed between the stripes of the spider-web grid. Meanwhile, the framework of the muqarnas plan was established (rule 8, sub rule 2). In order to create the star arms close to the center of the spider-web grid, the points were determined on the circle and the lines were created between these points and the pentagon. The remaining arms were copied around the pentagon as the same measure (rule 8, sub rule 3). The resulting five-point regular star was replicated in circular formation with reference to the origin point (rule 8, sub rule 4). Thus, the formation of a five-point regular star with equal edge lengths was completed.

	In rule 9, a six-point irregular star polygon was created. First, a circle was obtained by referring to the points on five-point regular stars (rule 9, sub rule 1). Then an inner circle was placed in the center of the circle. A hexagon was also placed inside of the inner circle (rule 9, sub rule 2). Star arms were formed between determined points and the hexagon. Thus, six-point irregular star polygon was obtained (rule 9, sub rule 3). The resulting six-point irregular star was replicated into 12 arranged in circular formation with reference to the origin point (rule 9, sub rule 4).

	In rule 10, the star, which we thought it could be an eight-point irregular star polygon as a whole, was created. First, a circle, which was based on the relevant star points, was formed at the corner of the frame (rule 10, sub rule 1). Then, an octagon was placed between the strips of spider-web grid (rule 10, sub rule 2). Star arms were formed between the six-point irregular stars and the octagon. Therefore, two arms of a star were obtained. These arms were replicated into four arranged in circular formation with reference to the circle center (rule 10, sub rule 3). The obtained eight-point irregular star was replicated into 12 arranged in circular formation with reference to the origin point (rule 10, sub rule 4). Thus, eight-point irregular star was formed. This eight-point star is called irregular as it differs from the classical star polygon format. However, it has its own symmetry and consistency.

	In rule 11, single arms (arms without a star) were added between the stars in the muqarnas plan. First row of the arms was created in the third strip of the spider-web grid (rule 11, sub rule 1). The second row of the arms was formed between the third and fourth stripes of the spider-web grid (rule 11, sub rule 2). These arms are like the fillings made on the parts between the created stars.

	In rule 12, half of the pattern was eliminated, and the geometry of the muqarnas plan was obtained (rule 12, sub rule 1). Unnecessary grids and axes were deleted (rule 12, sub rule 2).

	Finally, in rule 13, the whole muqarnas composition was obtained by adding lines between the stars. These parts that were filled with the green lines represent almonds which are the certain type of 3D element of muqarnas (rule 13).



[image: ../images/40494_2022_647_Fig5_HTML.png]
Fig. 5Analysis of the muqarnas plan of Mihrimah Sultan Mosque main gate (rule 1 to rule 4)

[image: ../images/40494_2022_647_Fig6_HTML.png]
Fig. 6Analysis of the muqarnas plan of Mihrimah Sultan Mosque main gate (rule 5 and rule 6)

[image: ../images/40494_2022_647_Fig7_HTML.png]
Fig. 7Analysis of the muqarnas plan of Mihrimah Sultan Mosque main gate (rule 7 and rule 8)

[image: ../images/40494_2022_647_Fig8_HTML.png]
Fig. 8Analysis of the muqarnas plan of Mihrimah Sultan Mosque main gate (rule 9 and rule 10)

[image: ../images/40494_2022_647_Fig9_HTML.png]
Fig. 9Analysis of the muqarnas plan of Mihrimah Sultan Mosque main gate (rule 11 to rule 13)


Verification of the muqarnas plan form at Mihrimah Sultan Mosque main gate
Verification of the five-point irregular star polygon
It was found appropriate to convert the five-point irregular star created in rule 5 to five-point regular star for verification. The five-point irregular star has been converted to five-point regular star by bringing all arms to the same length. As a result, there were overlaps in the arms of the five-point regular star in the muqarnas plan composition. In addition, the arms of the five-point regular star and the arms of the four-point irregular star that are their upper neighbors, overlapped (Fig. 10a).[image: ../images/40494_2022_647_Fig10_HTML.png]
Fig. 10The regular states of the irregular stars in the muqarnas plan of Mihrimah Sultan Mosque main gate and the emerging problems accordingly


It is possible to prevent overlap by changing the arm lengths of the four-point irregular star, which is the neighbor of the five-point regular star. However, in this case, the four-point irregular star, which has its two arms are in equal length and the other two arms are also in equal length, becomes even more irregular. Consequently, three different arm lengths are formed in the four-point irregular star. However, even if the changes are made in the four-point star, the overlaps on the arms of the five-point regular star are not resolved (Fig. 10b).
Verification of the four-point irregular star polygon
It was found appropriate to convert the four-point irregular star created in rule 6 to four-point regular star for verification. All arm lengths of this four-point irregular star, which has its two arms are in equal length and the other two arms are also in equal length, were made equal. In this case, four-point star arms cannot touch each other in the muqarnas plan composition, and gaps remain between them. Also, the three-point stars, which should be formed between the four-point stars, cannot be formed due to the gaps (Fig. 10c).
Verification of the seven-point irregular star polygon
It was found appropriate to convert the seven-point irregular star formed in rule 7 to seven-point regular star for verification. All the arm lengths of the seven-point star were made equal in length and at the same time, all arms were converted into isosceles triangles. In this case, the arms of the seven-point stars cannot touch each other and the gaps remain between the arms. In addition, some of the seven-point star arms do not touch with neighboring stars, and the gaps remain between the arms (Fig. 10d).
An experiment was made via scaling up the regularized seven-point stars with their lower arms touching each other. In this case, even if the lower arms of the seven-point stars touch each other, the upper arms do not touch each other. Again, there are gaps between the arms. However, in this case, it is necessary to make changes to the arms of their neighbors, which are in the lower part of the seven-point stars. The upper part arms of the four-point irregular stars should be shortened. In this case, the four-point irregular star becomes even more irregular (Fig. 10e).
Verification of the six-point irregular star polygon
It was found appropriate to convert the six-point irregular star formed in rule 9 to six-point regular star for verification. All the arm lengths of the six-point star were made equal in length and at the same time, all arms were converted into isosceles triangles. In this case, some arms of the six-point stars cannot touch with neighboring stars and the gaps remain between the arms (Fig. 10f).
In order to maintain the six-point star regular, the arms of neighboring stars can be changed. But, in this case, the five-point regular star, which is the neighboring star, becomes irregular. Changes should also be made in the arms of the eight-point irregular star (Fig. 10g).
Verification of the eight-point irregular star polygon
In rule 10, it was mentioned about an eight-point irregular star. The eight-point star is called irregular because it differs from the classical star format. However, it has symmetry and consistency in itself. A striking point in this star is the relationship between the polygon in the middle of the star and the frame of the muqarnas plan. The edge of the frame is at the centroid of the polygon.
An experiment was made by transforming the eight-point irregular star into a regular star format defined by isosceles triangles. However, in this case, the relationship between the polygon in the middle of the eight-point regular star and the frame was distorted. The edge of the frame does not fit to the centroid of the polygon (Fig. 10h).
Preserving the eight-point regular star, the edge of the frame was moved to the centroid of the polygon in the middle of this eight-point star. But, in this case, due to the growth of the frame, different parts are beginning to be included in the plan. This situation does not match the plan view obtained with laser scanning (Fig. 10i).
The plan formation of muqarnas at Sehzade Mosque main gate
The plan formation of muqarnas at Sehzade Mosque main gate was examined within the framework of the shape grammar theory. The rule-based examination of the forms is given in Figs. 11, 12, 13, 14 and Additional file 2: Movie S2, and the detailed explanation of the rules is listed below.	First of all, the main axes were formed such that the angle between them was 30°. Afterwards, intermediary axes (rule 1, sub rule 1) were created such that the angle between them was 15°. A radial grid system, similar to the spider-web, was created at equal intervals with reference to these axes (rule 1, sub rule 2).

	To create the first star, a circle was created in the center of the spider-web grid. The intersection points of this circle with the main axes and the intersection points of the first strip of the spider-web grid with the intermediary axes were determined (rule 2, sub rule 1). Afterwards, the first star was created via forming lines between these points (rule 2, sub rule 2).

	For the second star formation, the intersection points of the second strip of the spider-web grid with the main axes were determined (rule 3, sub rule 1). By creating lines between these points and the points on the first strip of the spider-web grid used in the formation of the first star, second star was created (rule 3, sub rule 2).

	For the formation of the third star, the intersection points of the second strip of the spider-web grid with the intermediary axes were determined (rule 4, sub rule 1). By creating lines between these points and the points on the main axes determined in the second star formation, third star was created (rule 4, sub rule 2).

	For the fourth star formation, the intersection points of the third strip of the spider-web grid with the intermediary axes are determined (rule 5, sub rule 1). By creating lines between these points and the points on the main axes determined in the formation of the second star, the fourth star was created (rule 5, sub rule 2).

	For the formation of four-point regular star in rule 6, a circle was created based on the intersection points determined on the second and third strip of the spider-web grid (rule 6, sub rule 1). An inner circle was drawn inside of the circle with reference to the third strip of the spider-web grid. An octagon, the centroid of which was on the main axle, was placed inside of the inner circle (rule 6, sub rule 2). The lines between the points determined on the strips of the spider-web grid and the octagon were formed. Thus, a four-point regular star was created (rule 6, sub rule 3). This star was replicated into 12 arranged in circular formation with reference to the origin point (rule 6, sub rule 4).

	For the five-point irregular star formation in rule 7, a circle was created based on the three intersection points determined on the third and fourth strips of the spider-web grid (rule 7, sub rule 1). Then, a pentagon was placed so that its edges intersect with the fourth and fifth strips of the spider-web grid, and its center was on the intermediary axle (rule 7, sub rule 2). The three arms of the star were created via forming lines between the points on the third and fourth strip of the spider-web grid and the corresponding edges of the pentagon. The other two arms of the star were formed as isosceles triangles in relation to the pentagon and the circle (rule 7, sub rule 3). The obtained five-point irregular star was replicated into 12 arranged in circular formation with reference to the origin point (rule 7, sub rule 4). Thus, five-point irregular star formation was completed. Here it is noteworthy that the stars are lined up on a strip.

	Rule 8 is the stage of creating the circle that we define as the surrounding circle, which will be the base for the ten-point irregular star. First, a circle was formed from the intersection points of the eighth and tenth strips of the spider-web grid with the corresponding main axes (rule 8, sub rule 1). Afterwards, from the circle center, the main axes with the 36° angle between them and the intermediary axes with the 18° angle between them were formed (rule 8, sub rule 2). The formation of the ten-point irregular star and its base works differently from the spider-web grid system. But it can be seen in the final version of the plan that this star also receives references from the spider-web grid.

	In rule 9, a ten-point irregular star was created with reference to the surrounding circles. First, an inner circle was determined in the surrounding circle (rule 9, sub rule 1). Then, the intersection points of the inner circle with the main axes and the outer circle with the intermediary axes were determined (rule 9, sub rule 2). By forming lines between these points, a ten-point regular star (the star with equal edge lengths) was obtained (rule 9, sub rule 3). This star was replicated into 12 arranged in circular formation. But when it was replicated circularly, the arms of the stars did not touch each other. In order to stick to the original version of the plan, two arms of the ten-point regular stars were slightly extended, so that the arms of the stars were touching each other on the strip of the spider-web grid. Thus, ten-point irregular star was obtained (rule 9, sub rule 4).

	In rule 10, within the stars created in the previous stage (in the surrounding circles), an inner ten-point regular star was created. For this process, two surrounding circles were selected and inner circles were created inside of these circles (rule 10, sub rule 1). The intersection points of the inner circles with the intermediary axes were determined (rule 10, sub rule 2). By creating lines between these points, an inner ten-point regular star was obtained (rule 10, sub rule 3). This obtained star was duplicated via copying it to the relevant parts (rule 10, sub rule 4).

	In rule 11, the inner part for the remaining four surrounding circles was formed. For this, a decagon was obtained in the star (rule 11, sub rule 1). This decagon was replicated into four arranged in circular formation (rule 11, sub rule 2).

	In rule 12, a four-point irregular star was created. A line was determined by referring to the related arms of the ten-point irregular stars (rule 12, sub rule 1). An octagon was formed at the intersection of this line with the main axle (rule 12, sub rule 2). The four-point irregular star was shaped around this octagon. At the same time, the three arms of this star intersect with the corresponding arms of the ten-point irregular star. The four-point irregular star has two arms in equal length and the other two arms also in equal length (rule 12, sub rule 3). The obtained four-point irregular star was replicated into 12 arranged in circular formation with reference to the origin point (rule 12, sub rule 4).

	In rule 13, half of the pattern was eliminated and the geometry of the muqarnas plan was obtained. The first single arms were added to the space between the five-point irregular star and the four-point irregular star (rule 13, sub rule 1). These single arms were duplicated circularly (rule 13, lower rule 2). Then the second single arms were added (rule 13, sub rule 3). These single arms were also duplicated circularly (rule 13, sub rule 4).

	Finally, the grid and the axes were eliminated (rule 14, sub rule 1). The whole muqarnas plan composition was obtained by adding almonds (rule 14, sub rule 2).



[image: ../images/40494_2022_647_Fig11_HTML.png]
Fig. 11Analysis of the muqarnas plan of Sehzade Mosque main gate (rule 1 to rule 5)
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Fig. 12Analysis of the muqarnas plan of Sehzade Mosque main gate (rule 6 to rule 8)
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Fig. 13Analysis of the muqarnas plan of Sehzade Mosque main gate (rule 9 and rule 10)
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Fig. 14Analysis of the muqarnas plan of Sehzade Mosque main gate (rule 11 to rule 14)


Verification of the muqarnas plan form at Sehzade Mosque main gate
Verification of the five-point irregular star polygon
It was found appropriate to convert the five-point irregular star mentioned in rule 7 in the rule set, to five-point regular star for verification. The arms of the five-point irregular star were converted to isosceles triangles in relation to the pentagon in the center of the star. In this case, the problems occured in the areas between the stars. The arms of the five-point stars do not touch the neighboring four-point stars in the lower part, and the gaps remain between the arms (Fig. 15a).[image: ../images/40494_2022_647_Fig15_HTML.png]
Fig. 15The regular states of the irregular stars in the muqarnas plan of Sehzade Mosque main gate and the emerging problems accordingly


Preserving the five-point regular star form, it was tried to change the lengths of the other star-arms that are in relation to the five-point star. In this case, the arm lengths of the four-point stars must be modified to fill the gaps. Thus, the modified four-point stars become irregular. One arm length of the four-point stars becomes in different length from the other three arms (Fig. 15b).
Verification of the ten-point irregular star polygon
It was found appropriate to convert the ten-point irregular star mentioned in rule 9 in the rule set, to ten-point regular star for verification. If a ten-point regular star (all arms in equal length) is replicated, overlaps occur in one of the arms (Fig. 15c).
Preserving the ten-point regular star form, the overlapping arms were prevented to be overlapped for verification. In this case, the lengths of all arms were slightly shortened. Other problems arose when the arms were shortened. One of the problems is that the relationship of ten-point stars with four-point stars at the lower part was interrupted. Another problem is that the relationship between the reciprocally touching arms of the ten-point stars was interrupted. These cross-touching arms are significant since they are located on a strip of the spider-web grid and are the dominant focus of the composition (Fig. 15d).
Verification of the four-point irregular star polygon
It was found appropriate to convert the four-point irregular star mentioned in rule 12 in the rule set, to four-point regular star for verification. When the four-point irregular star was converted to regular star, its relationship with ten-point stars was interrupted and the gaps were formed (Fig. 15e).
When the four-point irregular stars were converted to the regular stars, the positions of the arms of the ten-point stars can be slightly changed to resolve the gaps formed between the four-point stars and the ten-point stars. However, when the ten-point star arms were slightly displaced, the ten-point stars become very irregular (Fig. 15f). Therefore, it is thought that the ten-point star arms, which will be of very different lengths, are not suitable for the plan composition.
The plan formation of muqarnas at Suleymaniye Mosque main gate
The plan formation of muqarnas at Suleymaniye Mosque main gate was examined within the framework of the shape grammar theory. A rule-based examination of the forms is given in Figs. 16, 17, 18 and Additional file 3: Movie S3 and detailed explanation of the rules is listed below.	For the geometric analysis of the selected muqarnas plan, a square grid system was created with vertical and horizontal axes that have equal angles between them (rule 1, sub rule 1). Circles of equal size were placed at the intersection points of the vertical and horizontal axes (rule 1, sub rule 2).

	The main axes were placed in the center of the one of the circles with 45° angle between them. Intermediary axes were formed with an angle of 22.5° to the main axes (rule 2, sub-rule 1). This axle module formed was copied to all circle centers (rule 2, sub rule 2).

	For the creation of the unity in the square grid system, the main axes were copied such that they extended beyond the grid (rule 3, sub rule 1). Then the axes outside the frame of the main square grid system were eliminated (rule 3, sub rule 2).

	To create a star module in rule 4, a polygon was placed inside the circle (rule 4, sub rule 1). In order to form star arms inside the polygon, another inner circle was created (rule 4, sub rule 2). Then, the intersection of the polygon with intermediary axes and the intersection of the inner circle with the main axes were determined (rule 4, sub rule 3). Later, lines between these points were formed and an eight-point regular star was created (rule 4, sub rule 4).

	To create another star in rule 5, an inner circle was created in the circle based on the same center point (rule 5, sub rule 1). The intersection points between this circle and the intermediary axes were determined (rule 5, sub rule 2). The second eight-point star was created via forming lines between these points and the points determined in the previous star formation (rule 5, sub rule 3). The created star module was copied inside of all the circles (rule 5, sub rule 4).

	In rule 6, the second grid system was formed. The circles were placed in the internal spaces formed between the main axes of a module of the square grid (rule 6, sub rule 1). The formed radial circle unit was copied to the whole system (rule 6, sub rule 2).

	In rule 7, a five-point irregular star was formed inside a circle in the second grid system with reference to the arms of the eight-point stars. This star was mirrored to the second grid unit next to it (rule 7, sub rule 1). The obtained two five-point irregular stars were replicated in circular formation with reference to the square grid unit center. Five-point irregular stars were placed in the whole system (rule 7, sub rule 2).

	In rule 8, the points were determined to form three-point stars (rule 8, sub rule 1). The lines were formed between these points (rule 8, sub rule 2). Later, a three-point star module was created (rule 8, sub rule 3). The created three-point star module was copied over the relevant parts (rule 8, sub rule 4).

	Rule 9 is related to the four-point regular stars which were formed in between the five-point irregular stars. First, the circles associated with the five-point star arms were formed at the intersections of the horizontal and vertical main axes of the square grid (rule 9, sub rule 1). These circles form the third grid system. An inner circle, which is in relation to the second grid system, was formed inside of a circle of the third grid system and an octagon was placed in it (rule 9, sub rule 2). Then, the lines between the end points of the arms of the five-point irregular stars and the octagon center were formed, and the arms of four-point star were obtained (rule 9, sub rule 3). The obtained four-point regular star was copied to the units of the third grid system (rule 9, sub rule 4). Thus, the formation of four-point regular star was completed.

	In rule 10, the grids and unnecessary axes were eliminated (rule 10, sub rule 1). Then, the geometry of the muqarnas plan was obtained by cropping the pattern (rule 10, sub rule 2).

	Finally, in rule 11, the whole muqarnas plan composition was obtained by adding almonds (rule 11).
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Fig. 16Analysis of the muqarnas plan of the Suleymaniye Mosque main gate (rule 1 to rule 4)
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Fig. 17Analysis of the muqarnas plan of the Suleymaniye Mosque main gate (rule 5 to rule 8)
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Fig. 18Analysis of the muqarnas plan of the Suleymaniye Mosque main gate (rule 9 to rule 11)


Verification of the muqarnas plan form at Suleymaniye Mosque
It was found appropriate to convert the five-point irregular star mentioned in rule 5 in the rule set, to five-point regular star for verification. In the first verification, the positions of the pentagons in the centers of the five-point irregular stars were preserved, and all of the arms of the five-point irregular stars were brought to the same length. As a result, it was observed that overlapping of some arms and the gaps were formed in some areas (Fig. 19a).[image: ../images/40494_2022_647_Fig19_HTML.png]
Fig. 19The regular states of the irregular stars in the muqarnas plan of Suleymaniye Mosque main gate and the emerging problems accordingly


In the second verification, the pentagons in the centers of the five-point stars were slightly displaced and the star arms were kept in equal length. As a result, the relationship between the arms of the five-point stars and the arms of the eight-point stars was disrupted (Fig. 19b).
In the third verification, in addition to what was done in the previous verification, an alternative was produced for the region where the five-point stars arms should touch the arms of the eight-point stars. The star arms in this region were modified. However, the arms moved away from the isosceles triangle geometry and the result was contrary to the plan composition (Fig. 19c, d).
Conclusion
The difference in the dimensions of the star arms may be due to the decision of the architect/master during the implementation of the design. However, the results of the analysis and orthophotos found at the end of scans showed that the irregular arms of the stars are symmetrical and they are identical. Also, the irregular arms of a star are identical with the arms of the stars in the same row (same layer in 3D). It requires the architect to carefully repeat this detailed measurement at each layer. Furthermore, according to the analysis we made, it has been revealed that, if the lengths of the arms are equal, the points of the arms of stars cannot touch each other in a systematic way. Therefore, in the plan drawings it is not possible for star arms to be equal mathematically.
It was concluded that the main gate muqarnas plan compositions of Mihrimah Sultan Mosque and Sehzade Mosque are similar to each other. A similar spider-web grid was used in both plans, and the star arms were dominantly arranged on the strips of the spider-web grid. When we look at the front views of the main gates of these mosques obtained from laser scanning, it is seen that the muqarnas are also similar in terms of having vertical long spanning with multi-layers. Considering that the construction dates of these mosques, one of which was built in the name of Suleiman the Magnificent’s son and the other was built in the name of his daughter, are almost the same, so that it can be concluded that the muqarnas designer/master is the same.
As a result of the layouts of the main gate muqarnas of the Mihrimah Sultan Mosque and the main gate muqarnas of the Sehzade Mosque based on spider-web grid, it can be said that some star arms in the composition are shaped according to this spider-web grid. For this reason, star arms are not equal in some cases.
In this study, the spider-web grid, which was used as a layout for the main gate muqarnas of the Mihrimah Sultan Mosque and the main gate muqarnas of the Sehzade Mosque, was created with equal intervals. However, the spider-web grid can also be created with unequal intervals or with more dense intervals. Each version has the same logic and is a spider-web system.
It has been revealed in the analysis and verifications that there are stars with unequal arm lengths in the main gate muqarnas plans of the Mihrimah Sultan Mosque and the Sehzade Mosque. When trying to create the same composition with the regular star instead of the irregular star, the layout of the other stars becomes inconsistent. The gaps begin to appear between the star arms and the star arms begin to overlap.
It has been concluded that the main gate muqarnas plan of the Suleymaniye Mosque is very different from the main gate muqarnas plans of the Mihrimah Sultan Mosque and the Sehzade Mosque. Although this plan seems to have a radial system at first glance, it was determined that it was produced from a square grid system. The first thing that this square grid system brings in mind is that it can create stars with equal arm lengths. However, as the result of our research, it was seen that the stars with unequal arm lengths could also be produced with this type of grid. Except the arm lengths of the five-point stars in the muqarnas plan of the Suleymaniye Mosque, the arm lengths of the other stars were equal. There are slight differences in the arm lengths of the five-point stars (to fit the grid system). Also, according to the muqarnas plan composition, the verifications show that it is not possible five-point irregular star to be regular.
Within the scope of our previous study, we concluded that the ellipse grid layout may have been used in the preparation of muqarnas plans. In this study, in addition to the ellipse grid layout, it was revealed that spider-web grid and square grid layouts could also be used while creating muqarnas plans. In these studies, the main gate muqarnas of Ottoman period mosques were examined. However, both examining the muqarnas plans in other periods such as the Seljuk period and examining the muqarnas in various other parts of the buildings will reveal the types of layouts that may have been used in plan compositions.
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