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Abstract
Wooden Panel Paintings (WPP) are among the most significant historical and artistic artifacts from the Middle Ages and Renaissance and pose a challenge to conservators and scientists in both their comprehension and conservation. From a structural point of view, they can be considered as multi-layered objects, consisting of a wooden support and several pictorial layers. The wooden support, hygroscopic in nature, constantly seeks equilibrium with the humidity of the environment, and consequently deforms. Based on a series of hygroscopic tests carried out on six original WPPs, the present work aims to model their deformation tendencies induced by moisture changes and to characterise them by means of an inverse identification process. The sensitivity analysis of this study provided valuable insights into the complexity of the phenomenon of WPP deformation: even small variations in input variables (board anatomy, stiffness and emissivity of pictorial layers) led to significant changes in the deformation trend over time, highlighting the high variability of the physical problem under investigation. Sobol's analysis variance confirmed this complexity, demonstrating the different levels of influence of input variables and the existence of interactions between them. Overall, the results of this analysis highlighted the need to carefully evaluate the interactions and uncertainties in input variables to fully understand the complexity of the system. The iterative optimization process led to numerical results tending to agree with experimental data, with most results showing a very high correlation. This suggests that the chosen variables and modelling assumptions sufficiently described the physical system and that numerical models can be accurately calibrated. The proposed concept of 'learning from objects', by conducting experimental investigations specifically dedicated to understanding the deformation tendencies of the artwork, is essential. In this approach, numerical analysis is used in conjunction with experiments to gain a deeper understanding of the artwork, characterise it and extract valuable information.
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Introduction
Wooden Panel Paintings (WPPs) represent one of the most important categories of cultural artefacts, whose conservation is challenging due to their interaction with environments. Although the early treatises [1] attempt to codify both structure and construction techniques, WPPs, while maintaining common denominators over time, may differ from case to case according to different schools and workshops [2, 3], resulting in a wide panorama of morphological, constructional and manufacturing diversities, which is combined with the intrinsic variability of wood. This structure, together with its interaction with the environment, can lead to the appearance of mechanical stresses that can be critical for the conservation of a WPP, being at the origin of permanent deformations, cracks, or damages to paint layers. Each artwork shows its own deformation behaviour that may be explained through generative causes such as:	1.
Wood hygroscopicity: wood being a hygroscopic and anisotropic material, environmental hygrothermal fluctuations can produce permanent deformations, induced by the combined effect of wood anisotropy with respect to the board cut, transient deformation induced internal humidity gradients, and the compression set phenomenon (i.e. the permanent deformation deriving from the succession of environmental fluctuations over time [4]).

 

	2.
Mechanical asymmetry: stiffness asymmetry within the thickness may be due to differences between the wood and paint layers, to the wood itself as it presents a non-homogeneous stiffness following growth rings and main anatomical directions, and to the interaction with any restraining system such as frames and crossbeams. Moreover, the shrinking-swelling behaviour of wood is orders of magnitude bigger than that of the paint layers [5].

 

	3.
Ageing: over time biological, physical, and chemical agents may cause permanent modification (ageing phenomena) that can affect the behaviour of wood,  paint layers,  glues and of their mutual interactions.

 

	4.
Anthropic: past human interventions such as restoration, size adjustments, accidents and tampering, exposure to sudden winter heating, etc.

 




Each of these aspects has been the object of several specific research works. Studies and monitoring of original works have been carried out in the past [6–8] including using optical measurement methods to correlate deformation fields with the mechanical characteristics of the paint layers [9]. Materials used to make the WPPs were object of characterisation by [5, 10, 11] for the wooden support, as well as [12] for the stiffness and [13–15] for the emissivity characteristics of the painted layers. Most parts of this latter studies were carried out on new materials, because sampling on original components of WPPs is impossible, producing a limited representativity of the behaviour of real materials subjected to centuries of ageing and interacting each other inside the structure, as a recent research shows [16]. Such paper shows that the main parameters responsible of the hygro-mechanical behaviour of the WPPs are the tree ring orientation of the wooden panels, the stiffness of the ground layers and the emissivity of the varnishes (and their interactions). Within the same research, a classificatory model was developed which shows that the hygro-mechanical behaviour of the WPPs is complex and hardly predictable if the characteristics of the material making the WPP are considered independent. It is their interaction, indeed, which strongly affects the hygro-mechanical behaviour of the WPP.
Models of the dynamics of panel paintings have been also developed [17, 18], sometime considering a painting with a complex structure subject to environmental variations [19]. To these studies shall also be added those on wood-moisture interaction [20], on cracking phenomena of paint layers [21], on the response of painted panels to humidity variation [22], and finally one on the analysis of the effect of relative humidity cycles [23]. Some studies were also carried out on replicas and simulacra [21, 24–26].
Numerical studies mainly use literature values to define hygro-mechanical characteristics, opening up the risk of reaching unrealistic solutions [27]. In fact, key variables such as anatomical directions, stiffness and emissivity of the paint layers can generate a wide field of deformation patterns both qualitatively and quantitatively, as it has been demonstrated by numerical modelling and monitoring of original artworks [16]. This approach is certainly the most applied in literature, where non-original materials and mock-ups are tested separately and their values are then used to construct models. It operates with a logic where the behaviour of a WPP results from the additive contribution of each individual non-original component of the system.
The present work takes a different methodological perspective, considering the WPP as a complex system, where initial conditions, time history and evolution are unknown. This implies that small variations of individual variables, and even more so the variations of these variables in relation to the values of others [16], cannot be predicted through studies conducted on artificial samples, copies, materials that have not been aged or subjected to artificial ageing cycles. The resulting top-down approach starts from the awareness that the behaviour of complex systems can often only be measured and needs to be addressed through tests performed on historical objects, without aprioristic considerations on aspect that cannot be directly measured and observed. It is based on known hygro-mechanical models and aims to calibrate their characteristics through non-destructive experimental tests conducted on individual artworks. This approach consists in not worrying aprioristically about the structural composition, but representing all the physical entities with characteristics that, in their interaction, provide us with a model that behaves similarly to an original when subjected to experimental characterisation tests. In this interpretation, after an established theoretical approach and sound physical–mathematical methods have been set up, the numerical analyses become a way of extracting advanced information from experimental evidence that does not provides it directly.
The aim of the present study is to broaden the current spectrum of knowledge of the main deformation drivers of real WPPs from an experiment on six original paintings subjected to micro changes in humidity, and to draw analytical conclusions.
The research builds on a previous work [16] that was carried out by means of experimental tests on 6 original WPPs subjected to slight variations in humidity inside a climatic chamber and the measurement of the resulting deflection. The cycles were repeated after applying an aluminium foil to waterproof the painted face of the panel paintings, in a way that does not affect the rigidity of the painted layers. This allowed the stiffness and emissivity characteristics of the original paintings to be qualitatively determined by non-invasive experimental tests.
In continuation of this work, the present research proposes to determine, in a non-invasive manner, the hygro-mechanical characteristics of the six original WPPs studied and to calibrate their respective numerical models. The work presents a reproducible method, based on a finite element calculation, for the direct characterisation of a WPP by means of an experimental test in which the work is subjected to a slight change in humidity [16].

Materials and methods
The panel paintings and experimental set up
The study was carried out on six original WPPs of the Italian painting school. Each one is made of poplar wood (Populus sp) and was selected based on its representativeness in terms of construction period, structural typology, thickness of the preparatory layers, presence or absence of canvas. Their main technical specifications are given in Table 1 and in [16].Table 1Description of the six paintings: dimensions, materials and characteristics


	 	WPP1
	WPP2
	WPP3
	WPP4
	WPP5
	WPP6

	Dimensions
	530 × 900x14 mm
	67 × 1310x33 mm
	700 × 1370x25 mm
	645 × 775x23 mm
	655 × 855x30 mm
	650 × 890x28 mm

	Wood species
	Populus alba L
	Populus alba L
	Populus alba L
	Populus alba L
	Populus alba L
	Populus alba L

	Boards
	2 T boards (~ 40 mm from pith), 275 and 255 mm wide
	3 R boards 170, 380 and 145 mm wide
	4 boards; 1 T (~ 50 mm from pith) 185 mm wide; 3 R 165, 130 and 220 mm wide
	2 T boards (~ 20 mm from pith), 210 and 435 mm wide
	2 T boards (~ 50 mm from pith), 210 and 435 mm wide
	3 boards; 1R 225 mm wide; 2 T (~ 60 mm from pith), 320 and 105 mm wide

	Ground layer
	Thick
	Thick
	Thick
	Thick
	Thin
	Thin


R board: quartersawn board, cut along a radius of the stem; T board: flatsawn board, cut orthogonally to a radius of the stem, at a certain distance from the pith estimated on a face [16]



Each panel was equipped with a Deformometric Kit (DK), as described in “The measure of the cupping angle” section, and subjected to controlled variations of relative humidity (RH) to measure its hygroscopic deformation. The restraint system was removed to allow only hygroscopic deformation without influence of the crossbeams. A special climatic box was built in the Opificio delle Pietre Dure restoration laboratories; the RH was controlled by means of a humidifier (Preservatech miniOne) and ventilation was provided by means of 6 fans and the usual operation of the humidifier itself. RH and temperature (T) were monitored in real time using URT Smart CEAM LoRa-C (± 2% e ± 0.5 °C), 1 point every 15 min. The data were continuously collected by means of CEAM CWS software, an integrated platform for monitoring, control and shared management based on web-cloud-IoT technology. The panel paintings were arranged in the climatic box in a vertical position, and the contact area was covered with PTFE to eliminate friction. Inside the box, the RH values varied between 50 and 65%. Seven humidity step changes were performed: 3 desorption and 4 adsorption tests. The hygroscopic tests were carried out under two different boundary conditions: (a) the front face free to exchange moisture with the environment (2 in desorption and 3 in adsorption) and (b) the front face sealed by an aluminium foil (1 in desorption and 1 in adsorption). This method makes it possible to measure the actual emissivity of the front surface, i.e. the paint layers and varnish, and its effect on the deformation behaviour of the artworks. Details are given in [16]. The surface emissivity does not depend solely on the material itself, but rather characterises the resistance present in the surface transport process. This resistance can be due to factors such as a thin coating or the Brownian motion of the air, which can lead to changes in the relative humidity (RH) at the surface (air speed can significantly affect the effect of the latter factor). Generalising the surface emission factor from panel to panel or under different environmental conditions (air turbulence) will result in uncertainty.

The measure of the cupping angle
The Deformometric Kit (DK, [28]) is a measuring device conceived for monitoring the deformation dynamics of wooden objects, mainly in relation to fluctuations of the surrounding environmental conditions (Fig. 1); it has been used in many study campaigns, mainly on WPPs [7, 29–32]. [image: ]
Fig. 1On the right the general set up of DK on a wood board of a WPP, on the right the physical meaning of
the cupping angle and its measurement with the DK


Since the objective of this study is the calibration of a model, we considered parameters that were not subject to any assumptions, but only to direct measurement: the deformation, or equivalently the change in length, of the measurement lines, and the derived cupping angle. These measurements are agnostic to both the physical phenomenon that generated the variation in relative inclination between the two sections and the characteristics of the material that lies between the two columns. Therefore, the deformations of both measurement lines were chosen as parameters for calibrating the numerical models.
Furthermore, this parameter has a clear, well-known and understandable physical meaning in the field of WPP conservation.
Optimisation procedures (described below in “Computation of the equilibrium moisture content” section) require that the correct experimental value can be determined at any given time, so the raw data were treated according to [33]. An interpolation procedure was applied to all data, locally fitted to a second order polynomial curve using a Gaussian kernel to weight the data. The standard deviation used for the kernel (50000 s) represents the window in which the polynomial interpolation is performed.

Numerical modelling
For the objectives of this study, the role of the numerical model is to serve as a means of interpreting and enhancing comprehension of the experimental findings, and to reveal the interdependent relationships among the variables that influence the behaviour of the underlying physical model. In this respect, numerical modelling has been used to evaluate, through an optimization algorithm, the influence and the mutual interactions of the identified dimensioning variables (layers stiffness, moisture diffusion and emissivity, anatomical cut) in determining the deformation tendency of the painted board.
For general modelling principles we refer to [16], listing below only those elements in which this modelling differs.
We applied the following boundary condition to model the global emissivity of the rear, bare wood, face:[image: $$\frac{{q_{t} }}{{\rho _{0} }} = E_{{c1}}\cdot (m_{{r,air}} - m_{{r,sur}} )$$]

 (1)


where [image: $${{\varvec{m}}}_{{\varvec{r}},{\varvec{a}}{\varvec{i}}{\varvec{r}}}$$] is the wood equilibrium moisture content corresponding to the air humidity, [image: $${{\varvec{m}}}_{{\varvec{r}},{\varvec{s}}{\varvec{u}}{\varvec{r}}}$$] is the moisture content of the rear wood surface calculated by the solver, and Ec1 is the global effective emissivity of the back of the painting, taking into account also possible aging effects and protective treatments that may affect the emissivity of this surface.
The geometry and discretisation were carried out with the open-source software Salome-Meca developed by EDF (Électricité de France), the simulations with the open-source solver code_aster [34], and the handling of cylindrical coordinates in the solution of the computational model, both for elasticity and swelling, with the open-source software Mfront [35], see Annex 1.
As both the optimization process and the sensitivity study are computationally intensive, it was essential to reduce the degrees of freedom of the system as much as possible. The following assumptions were made in the modelling:	The length parallel to the grain of the wood panels was reduced to 400 mm (a preliminary feasibility study showed that mechanical edge effects lose their influence at a distance of about 150 mm from the longitudinal ends in a WPP without crossbeam).

	In the transversal direction, considering that the DKs were mounted in the exact centre of symmetrical panels, only half a panel was modelled with symmetry constraints and isostatic condition (Fig. 2).

	The edge effect between adjacent boards is considered negligible considering that they are glued at the edge, the preservation of plane sections, the absence of stiffeners or cross beams and the freedom to deform given the external isostatic constraints (verified in the preliminary feasibility study).

	The thickness of the panel was sliced into 30 layers to capture small local variations due to the internal moisture gradient.

	The panel equipped with the DK is not subjected to external forces; it deforms only as a result of internal hygroscopic interactions.



[image: ]
Fig. 2Scheme of the modelling: on the left the real case, on the right the optimization simplified case with the optimization choices in terms of finite elements


The output parameters are the deformations of the two measurement lines and, derived from them, the cupping angle, defined as the angular rotation of the section below the DK column. This ensures the biunivocality of the boundary conditions between the numerical model and the experimental data. A similar method for comparing experimental results and numerical models is described in [16].

Computation of the equilibrium moisture content
The calculation of the equilibrium moisture content (EMC) is required to attribute the correct hygro-mechanical boundary conditions for the moisture. It was made following [36] that permits to calculate and describe the sorption isotherms in wood, with changing temperature and partial cycles. The model is based on [36], that relates relative humidity (RH) to EMC value, noted w, as follows:[image: $$\begin{gathered} w = w_{ad} \left( {RH,T} \right) = w_{s} \left( T \right).\left[ {\varphi_{ad} .\ln \left( {RH} \right).\exp \left( {\alpha_{ad} .RH} \right)} \right]\quad {\text{for}}\,{\text{adsorption}} \hfill \\ \hfill \\ \end{gathered}$$]

 (2)


[image: $$w = w_{de} \left( {RH,T} \right) = w_{s} \left( T \right).\left[ {\varphi_{de} .\ln \left( {RH} \right).\exp \left( {\alpha_{de} .RH} \right)} \right]\quad {\text{for}}\,{\text{desorption}}$$]

 (3)


with ws the EMC value at 100%RH; [image: $${w}_{ad}\left(RH,T\right)$$] and [image: $${w}_{de}\left(RH,T\right)$$] the adsorption and desorption curve, respectively, for a given temperature T;[image: $${\alpha }_{ad}$$],[image: $${\alpha }_{de}$$], [image: $${\varphi }_{ad}$$], [image: $${\varphi }_{de}$$] constant values. The effect of the temperature, following [37] and based on the work of [38], is concentrated on FSP leading to a general form of [image: $${w}_{s}\left(T\right):$$][image: $${w}_{s}\left(T\right)=\left({w}_{s}^{0}+\frac{{C}_{anh}}{{C}_{w}}\right)\cdot \mathrm{exp}\left(-\frac{{C}_{w}}{L}\cdot T\right)-\frac{{C}_{anh}}{{C}_{w}}$$]

 (4)


with [image: $${w}_{s}^{0}$$] the FSP at 0 °C, [image: $${C}_{anh}$$] the heat capacity of the oven dry material, [image: $${C}_{w}$$] the heat capacity for the bound water, L the latent heat of state change.

For the calculation of the EMC evolution from a given condition given by w0 and RH0 (Fig. 3), the situations of adsorption and desorption are distinguished:[image: $${\left(\frac{\mathrm{d}w}{\mathrm{d}RH}\right)}_{ads}=\, \frac{A.{\left({w}_{0}-{w}_{ad}\right)}^{C}.{w}_{de}^{^{\prime}}\left({w}_{0}\right)+{\left({w}_{de}-{w}_{0}\right)}^{C}\cdot {w}_{ad}^{^{\prime}}\left({w}_{0}\right)}{{\left({w}_{de}-{w}_{ad}\right)}^{C}} \mathrm{with }{\left(\frac{\mathrm{d}w}{\mathrm{d}RH}\right)}_{ads}&gt;0\, (\mathrm{adsorption})$$]

 (5)


[image: $${\left(\frac{\mathrm{d}w}{\mathrm{d}RH}\right)}_{des}=\, \frac{{\left({w}_{0}-{w}_{ad}\right)}^{C}\cdot {w}_{de}^{^{\prime}}\left({w}_{0}\right)+B\cdot {\left({w}_{de}-{w}_{0}\right)}^{C}\cdot {w}_{ad}^{^{\prime}}\left({w}_{0}\right)}{{\left({w}_{de}-{w}_{ad}\right)}^{C}} \mathrm{with }{\left(\frac{\mathrm{d}w}{\mathrm{d}RH}\right)}_{des}&lt;0\, (\mathrm{desorption})$$]

 (6)


where the constants A and B define the slope ratio for a path toward the absorption or the desorption isotherm, respectively, and C is a calibration coefficient. [image: ]
Fig. 3Partial isotherm behaviour. The parameters are from Eqs. (9) and (10)


The material coefficient chosen for the current study, given in Table 2, are those proposed by [36].Table 2Values for the moisture content evaluation


	A
	B
	C
	[image: $${w}_{0}$$]
	[image: $${\varphi }_{ad}$$]
	[image: $${\alpha }_{ad}$$]
	[image: $${\varphi }_{de}$$]
	[image: $${\alpha }_{de}$$]

	0.4
	0.06
	1.5
	0.3236
	0.8490
	1.647
	0.8520
	1.088




The time-history of RH and T variation described in [16] was modelled on the basis of the above theory, using a simplified step-wise approximation of RH history and constant T, as shown in Fig. 4. The results in terms of MC for each experimental step is given in Table 3. The values then chosen as boundary conditions for the steps used in the optimization process are listed in Table 4.
[image: ]
Fig. 4Time History of Temperature (T) and relative humidity (RH) over the whole experimental campaign: in blue the measured RH, in black the simplified RH used for the EMC calculation

Table 3Relative humidity steps, Temperature, and, based on that, calculated EMC variation for all tests


	Test name
	ΔRH step [%]
	T [°C]
	ΔEMC step calculated [%]

	DES 1
Not waterproofed
	62–52
	23
	−0.98

	ADS 1
Not waterproofed
	52–61
	23
	0.74

	DES 2
Not waterproofed
	61–56
	23
	−0.43

	DES 3
Not waterproofed
	56–51
	23
	−0.44

	ADS 2
Not waterproofed
	51–60
	23
	0.62

	DES 4
Waterproofed
	60–53
	23
	−0.63

	ADS 3
Waterproofed
	53–60
	23
	0.59



Table 4Values of the EMC steps used for modelling


	WPP
	Delta EMC waterproofed [%]
	Delta EMC not waterproofed [%]

	1
	0.59
	0.74

	2
	−0.63
	−0.44

	3
	−0.63
	−0.44

	4
	−0.63
	−0.44

	5
	−0.63
	−0.98

	6
	−0.63
	−0.44




The previous RH history being unknown, in the initial state the value of w was assumed to be mid-way between absorption and desorption isotherms.

Optimization
An iterative optimization algorithm was chosen to calibrate the numerical model to fit the experimental data, allowing to calculate the hygro-mechanical parameters for each of the six planks. The cost functional J, object of the minimization, is given as a function c, vector of the n parameters to be identified:[image: $$J(c)=\| \varepsilon -{\varepsilon }_{exp} \|$$]

 (7)


where [image: $$\varepsilon$$] are the values of time-history of deformation of the DK measurements lines calculated via numerical methods, [image: $${\varepsilon }_{exp}$$] are the corresponding experimentally determined values and ‖∙‖ is a norm on L, space of the observable values. Minimisation was performed by means of a technical solution [39] based on the succession of a genetic algorithm followed by a Nelder Mead-type minimisation scheme. This proves to be a very effective method [40, 41] for finding solutions when, in general, a small variation in the coefficients objects of the minimization generates considerable variations in the results.
The parameters subjected to the identification process are as follows:	1.
The coefficient of diffusion D0

 

	2.
The emissivity of the back Ec1

 

	3.
The Young modulus of the paint layer Ep

 

	4.
A coefficient X that multiplies the tensor of hygromechanical deformation [image: $$\underline{{\underline{{\varepsilon _{{hyg}} }} }}$$]:[image: $$\underline{\underline{{\varepsilon_{hyg} }}}=X\cdot \underline{\underline{\alpha}}\cdot\Delta w$$]

 (8)




 




Where [image: $$\underline{\underline{\alpha}}$$] is the tensor of hygroexpansion rate and [image: $$\Delta w$$] is the variation of moisture content. The significance, therefore, of this coefficient is to globally calibrate the hygroscopic strain variation associated with a change in moisture content; for this reason, it is simultaneously a multiplier of both the shrinkage/swelling coefficient and the Delta w value obtained from the Varnier-Merekeb-Pedersen theory used here. In fact, on the one hand the aforementioned theory uses a variety of coefficients that cannot be calibrated to the individual painting, mainly due to the fact that they require dangerous humidity variations or destructive investigations, on the other hand it is not possible to precisely establish the climatic history of the paintings prior to the start of the tests and therefore the starting point within the hygroscopic hysteresis is arbitrary and chosen by us as equidistant between the limit isotherms of absorption and desorption. It should also be pointed out here that it is not possible to dissociate the two components in a heuristic characterisation process because the two components have the same effect on the overall deformation behaviour, making their dissociation impossible. For all these reasons we decided to calculate, via optimization, two different X value (X wp, Waterproofed—X no wp, not Waterproofed) for the two kind of tests done.	5.
A Y coefficient that multiplies/divides the fourth-order compliance tensor in the following way:[image: $${Y}^{-1}\cdot \underline{\underline{S_{ij}^{0} } }=\left(\begin{array}{cccccc}{Y}^{-1}{S}_{11}^{0}&amp; {Y}^{-1}{S}_{12}^{0}&amp; {Y}^{-1}{S}_{13}^{0}&amp; 0&amp; 0&amp; 0\\ {Y}^{-1}{S}_{12}^{0}&amp; {Y}^{-1}{S}_{22}^{0}&amp; {Y}^{-1}{S}_{23}^{0}&amp; 0&amp; 0&amp; 0\\ {Y}^{-1}{S}_{13}^{0}&amp; {Y}^{-1}{S}_{23}^{0}&amp; {Y}^{-1}{S}_{33}^{0}&amp; 0&amp; 0&amp; 0\\ 0&amp; 0&amp; 0&amp; {Y}^{-1}{S}_{44}^{0}&amp; 0&amp; 0\\ 0&amp; 0&amp; 0&amp; 0&amp; {Y}^{-1}{S}_{55}^{0}&amp; 0\\ 0&amp; 0&amp; 0&amp; 0&amp; 0&amp; {Y}^{-1}{S}_{66}^{0}\end{array}\right)$$]

 (9)




 

	6.
The emissivity of the paint layers Ec

 




The rigidity components, the initial shrinking/swelling coefficients and the initial diffusion used for poplar wood reported in Table 5 are based on [10] and [18].Table 5Mechanical and physical initial properties


	Wood young moduli
	EL = 10,060 MPa
	ER = 641 MPa
	ET = 306 MPa

	Wood shear moduli
	GRT = 200 MPa
	GTL = 640 MPa
	GLR = 860 MPa

	Wood Poisson’s ratios
	[image: $$\nu$$] RT = 0.7
	[image: $$\nu$$] LT = 0.47
	[image: $$\nu$$] LR = 0.46

	Wood shrinkage
	αL = 0.39%/%
	αR = 1.92%/%
	αT = 3.45%/%

	Coefficient of moisture diffusion in wood
	D0=1.52⋅10–4 mm2s−1
	 	 
	Front emissivity
	Ec = 1.0⋅10–5 mm⋅s−1
	 	 
	Back emissivity
	Ec1 = 1.0⋅10–5 mm⋅s−1
	 	 
	Paint layers young modulus
	Ep = 1000 MPa
	 	 
	Paint layers Poisson ‘s ratio
	[image: $${\nu }_{p}=$$]0.2—not subjected to optimization
	 	 
	X
	1
	 	 
	Y
	1
	 	 



A first optimisation process is carried out on parameters 1–6 on the cupping angle time history of the painting with the waterproofed front; in fact, in this case, the flow of moisture transiting the painting surface is identically null and the calculation of the emissivity of the painting front is meaningless.
A second process is subsequently performed on parameters 4 and 6, on the painting with the non-waterproofed front, leaving parameters 1,2,3,5 identified in the previous optimisation process unchanged.
This process also provides us with a cross-validation in the second analysis of the results obtained in the first one; in fact, the fitting of the second one takes place for internal moisture distributions that are completely different from the first one, varying only two variables, emissivity of the front and coefficient of hygroexpansion. Therefore, its conformity with the experimental data confirms the goodness of the first analysis carried out, whose results in terms of (wood diffusion, back emissivity, wood stiffness, paint layer stiffness) remained identical in the second.

Sensitivity analysis
In order to be able to use an inverse identification system, it is necessary to carry out a sensitivity study on the parameters under study.
Sensitivity analyses allow us to understand which inputs to a model contribute most to the variability of the output, and more specifically to understand input–output relationships, determine the magnitude of the contribution of input uncertainties on the model's output, identify the significance and magnitude of the inputs on the output, and guide modelling and experimental choices.
The opensource software Persalys [42], which is based on the highly industry-validated openTurns methods [43] was used to handle uncertainties and variability. This software can be easily coupled with code_aster, allowing investigations, in our case of sensitivity, to be performed on a finite element model in a fast and rigorous manner.
A Sobol sensitivity analysis is a type of statistical analysis that helps to identify which variables in a model have the most significant impact on its output. In the context of a finite element model, this means that Sobol's method is used to determine which input variables (such as material properties or boundary conditions) are most responsible for affecting the behaviour of the model.
One of the main advantages of using Sobol's method is that it is able to handle non-additive, non-monotonic, and non-linear systems. In other words, it can accurately assess the influence of input variables even when the relationships between those variables and the model output are complex and nonlinear.
However, Sobol's method is computationally intensive, meaning that it can be time-consuming and resource-intensive to implement. Despite this, it is still a valuable tool for exploring all areas of the input space, as it allows for the consideration of interactions and nonlinear responses. This means that it can help to identify unexpected relationships between variables and their impact on the model output, which might not be apparent through other methods of sensitivity analysis. Overall, the use of Sobol's method in a sensitivity analysis on a finite element model can provide important insights into the behaviour of the model and the variables that most strongly influence its output. Following the work of [44] and [45], in our sensitivity analysis we want to represent the studied model as:[image: $$Y=\mathcal{H}({X}_{1},\dots ,{X}_{n})$$]

 (10)


where the scalar Y denotes the variable of interest, here the cupping angle; [image: $$\mathcal{H}$$] is the model, deterministic or stochastic, that governs the problem, here the finite elements model; and  [image: $${X}_{1},\dots ,{X}_{n}$$] are the input variables.
The variance of Y can be decomposed as:[image: $$V\left(Y\right)=\sum_{i}{V}_{i}+\sum_{i}\sum_{j&gt;i}{V}_{ij}+...+{V}_{123\dots n}$$]

 (11)


with [image: $${V}_{i}=V(E(\left.Y\right|{X}_{i}))$$] the first-order partial variance, [image: $${V}_{ij}=V(E\left(\left.Y\right|{X}_{i},{X}_{j}\right))-{V}_{i}-{V}_{j}$$] the second-order partial variance, and so on. [image: $${V}_{i}$$] quantifies the influence of [image: $${X}_{i}$$] on the dispersion of Y, while [image: $${V}_{ij}$$] measures the second-order interaction contribution between [image: $${X}_{i}$$] and [image: $${X}_{j} to V\left(Y\right).$$]
Normalizing the partial variances [image: $${V}_{i}$$], [image: $${V}_{ij}$$], … [image: $${V}_{123\dots n}$$] with the total variance we obtain the Sobol sensitivity indices, here for first and second orders:[image: $${S}_{i}=\frac{{V}_{i}}{V(Y)}, { S}_{ij}=\frac{{V}_{ij}}{V(Y)}$$]

 (12)



We may derive also a Sobol total index [46] for the input i variable, as:[image: $${ST}_{i}=1-\frac{V(E(\left.Y\right|{X}_{-i})) }{V(Y)}$$]

 (13)


where [image: $${X}_{-i}$$] is the vector of all parameters except i.
For a general Xi the difference between the total index and the first-order index is the amount of interaction that Xi contributes to.
In a Sobol sensitivity analysis, the first-order index and total index are two commonly used measures of the sensitivity of a model output to its input parameters.
The first-order index measures the fractional contribution of an individual input parameter to the overall variance of the model output. It quantifies the extent to which changes in the value of that input parameter alone affect the variability of the output, without considering any interaction effects with other input parameters. Specifically, it is defined as the ratio of the variance of the model output due to the variation of the individual input parameter, to the total variance of the model output. The first-order index is a measure of the individual importance of a single input parameter, and can be used to rank the input parameters in terms of their relative importance.
The total index, on the other hand, takes into account the effects of interactions between input parameters of different orders. It evaluates the full range of parameter space by considering all possible combinations of input parameters and their interactions. Specifically, it measures the total contribution of each input parameter, including its first-order effects and all higher-order interactions, to the overall variance of the model output. The total index provides a more comprehensive measure of the impact of an input parameter on the model output, by considering not only its individual effect but also its combined effect with other input parameters.
In summary, the first-order index measures the sensitivity of the model output to a single input parameter, while the total index measures the sensitivity of the model output to all input parameters, including their interactions. Both indices are important measures in a Sobol sensitivity analysis as they help identify the most important input parameters in the model and provide insights into the overall behaviour of the model [47].
In a finite element analysis sensitivity study, Sobol's method can be used to identify the impact of input variables (such as material properties, boundary conditions, or geometric parameters) on the output parameters of the model (such as stress, displacement, or strain). Overall, Sobol's method can be a useful tool for improving the accuracy and reliability of finite element analyses by providing insights into the behaviour of the model and its sensitivity to input parameters.


Results
General sensitivity study
Figure 5 reports the result of a sensitivity study of the 'local' type, as in [16, 17], where each variable is varied while the others remain unchanged. This analysis shows the qualitative appropriateness of the choice of parameters, objectified in two main characteristics:	1.
Each variation of an individual variable must have a significant impact on the output, in our case the cupping angle.

 

	2.
It must give rise to a different curve compared to that generated by the other variables: two variables yielding the same global variation over time would not be distinguishable in an identification process, making it indeterminate.

 



[image: ]
Fig. 5Results for the sensitivity study according to Table 6. In the window, the first derivative of the curves of the sensitivity study


In order to improve the readability of the graph in Fig. 5 only the results relevant to WPP5 are shown (the others did not show significant differences). They were obtained by applying the variations listed in Table 6 with respect to the values determined in “Hygro-mechanical identification” section. Here, the emissivity of the painted front is excluded from the sensitivity studies, since it was carried out primarily physically, by waterproofing and excluding this variable.Table 6Values of the hygro-mechanical properties used for the sensitivity study


	Model
	D0
	Ep
	Ec
	Ec1
	X
	Y

	[m2 s−1]
	[MPa]
	[m s−1]
	[m s−1]
	waterproofed

	Reference
	1.10 10−09
	1952
	1.0 10−10
	2.6 10−07
	1.27
	1.29

	Emissivity
	1.10 10−09
	1952
	1.0 10−10
	3.1 10−07
	1.27
	1.29

	Diffusion
	2.10 10−09
	1952
	1.0 10−10
	2.6 10−07
	1.27
	1.29

	X
	1.10 10−09
	1952
	1.010−10
	2.6 10−07
	1.52
	1.29

	Y
	1.10 10−09
	1952
	1.0 10−10
	2.6 10−07
	1.27
	1.39

	Paint stiffness
	1.10 10−09
	2452
	1.0 10−10
	2.6 10−07
	1.27
	1.29


In bold the values variated from the reference situation



The graph in Fig. 5 clearly shows that all the variables considered have a significant effect on the variation of the cupping angle over time and that each of them can determine curves whose time evolution is significantly different from each other, as clearly shown by the first derivative calculation of these curves (window in Fig. 5). However, the limitation of local sensitivity analysis is that it evaluates one parameter at a time and does not capture the consequences of simultaneous changes in all model parameters, as well as the interactions between parameters.


Sobol sensitivity study
Despite performing a global sensitivity analysis using the Sobol method on five panel paintings, the results were found to be similar in nature. Therefore, only the results related to one specific painting (WPP5) are presented here (Fig. 6). The output variable for the analysis was the cupping angle, which was calculated at three different time points (3, 6, and 9 days) after a step change in moisture content (Delta w = −1%) was applied as a boundary condition for the back face, while the front was defined as insulated to moisture flux. To obtain the Sobol analysis results, 10,000 different numerical analyses were performed. The variability range explored for the variables of interest, intended as uniform distribution, is given in Table 7.[image: ]
Fig. 6Sobol’s sensitivity analysis for the cupping angle value obtained after 3, 6 and 9 days after the humidity step change (Do -Diffusion coeff., Ec1 Back side emissivity, Ep Rigidity of paint layers, X and Y corrective coeff.s.)

Table 7Intervals of evaluation of the hygro-mechanical properties for the Sobol analysiswhat w


	 	Do [m2⋅s−1]
	Ec1 [m⋅s−1]
	Ep [MPa]
	X
	Y

	Lower bound
	5.0 10−10
	5.0 10−09
	1000
	0.5
	0.5

	Upper bound
	5.0 10−09
	5.0 10−07
	5000
	1.5
	1.5




In general, the Sobol sensitivity study comes to the same conclusions as the generic sensitivity study, confirming the significance of the choice of variables; when different values at different moments of a time history are obtained for different input parameters in the Sobol analysis, it means that these parameters have a different effect on the model output. It appears that the level of interaction of each variable (the difference between the total index and the first order index) does not stay constant during the physical evolution of the phenomenon (Table 8).Table 8Sobol’s sensitivity analysis for the cupping angle value obtained after 3, 6 and 9 days after the humidity step change (Do -Diffusion coeff., Ec1Back side emissivity, Ep Rigidity of paint layers, X and Y corrective coeff.s.)


	Index
	3 days
	6 days
	9 days

	First order index
	Total index
	First order index
	Total index
	First order index
	Total index

	Do 
	0.25
	0.27
	0.28
	0.37
	0.39
	0.45

	Ec1
	0.2
	0.2
	0.31
	0.42
	0.22
	0.24

	Ep
	0.43
	0.44
	0.12
	0.14
	0.12
	0.13

	X
	0.01
	0.02
	0.12
	0.27
	0.2
	0.25

	Y
	0.11
	0.12
	0.17
	0.19
	0.07
	0.09





Hygro-mechanical identification
Figure 7 shows, in the case of waterproofed WPP 5, the results of the optimisation process carried out on the two individual measurements lines of the DK (upper and lower), the quantity actually measured by the system. [image: ]
Fig. 7The results of the optimisation of each DK measurement line (strain [m/m]) from which the cupping angle is derived. High line at the top and low line at the bottom


In Figs. 8, 9 , 10 and Table 9 the results of the case-by-case optimisation are shown in terms of the angle of curvature; for the sign convention of the angle of curvature, we use the convention described in [28]. Each graph gives the raw data of cupping angle (experimental raw), the data obtained from the smoothing and interpolation process (experimental smoothed) and the numerical results (numerical) at the end of the optimisation, accompanied by the R2 value calculated between the experimental smoothed and numerical.
[image: ]
Fig. 8Results of the optimisation for WPP1 (on the left) and WPP2 (on the right). For each WPP, on top the optimisation when waterproofed and below when no-waterproofed. The table resuming the hygro-mechanical characteristics and correlation coefficients (Do -Diffusion coeff., Ec1Back side emissivity, Ep Rigidity of paint layers, X and Y corrective coeff.s.; wp means waterproofed, if wp is not present the results are for no-waterproofed WPPs)

[image: ]
Fig. 9Results of the optimisation for WPP3 (on the left) and WPP4 (on the right). For each WPP, on top the optimisation when waterproofed and below when no-waterproofed. The table resuming the hygro-mechanical characteristics and correlation coefficients (Do -Diffusion coeff., Ec1Back side emissivity, Ep Rigidity of paint layers, X and Y corrective coeff.s.; wp means waterproofed, if wp is not present the results are for no-waterproofed WPPs)

[image: ]
Fig. 10Results of the optimisation for WPP5 (on the left) and WPP6 (on the right). For each WPP, on top the optimisation when waterproofed and below when no-waterproofed. The table resuming the hygro-mechanical characteristics and correlation coefficients (Do -Diffusion coeff., Ec1Back side emissivity, Ep Rigidity of paint layers, X and Y corrective coeff.s.; wp means waterproofed, if wp is not present the results are for no-waterproofed WPPs)

Table 9Summary of the calculated hygro-mechanical values for the studied WPPs (Do -Diffusion coeff., Ec1Back side emissivity, Ep Rigidity of paint layers, X and Y corrective coeff.s.; wp means waterproofed and no wp means no-waterproofed


	 	D0 [m2⋅s−1]
	Ep [MPa]
	Ec [m⋅s−1]
	Ec1 [m⋅s−1]
	X wp
	X no wp
	Y

	WPP1
	4.0 10−10
	1506
	7.5 10−08
	9.0 10−08
	0.47
	0.62
	0.82

	WPP2
	4.5 10−09
	2613
	4.0 10−08
	1.1 10−07
	0.3
	0.3
	0.57

	WPP3
	1.6 10−08
	11467
	4.3 10−08
	5.0 10−08
	0.51
	0.8
	0.93

	WPP4
	6.0 10−10
	10500
	3.0 10−08
	1.8 10−07
	2.2
	2.05
	1.5

	WPP5
	1.1 10−09
	1952
	1.0 10−10
	2.6 10−07
	1.27
	1.29
	0.55

	WPP6
	9.0 10−10
	563
	3.0 10−07
	5.0 10−07
	0.67
	1.2
	0.45






Discussion
The sensitivity analysis provides interesting insights, firstly, in term of the level of complexity of the phenomenon. Any variation in the input variables leads to a consistent variation in the trend of the curves, imposing completely different slopes on the time history. This, confirming [16], shows the great variability of the physical problem under consideration; even a single incorrectly calibrated variable can lead to results far from reality. Sobol's analysis is a powerful tool for investigating the sensitivity of a model's output to its input parameters. In this context, the analysis reveals a high level of complexity in the deformation tendency of the board, as measured by the cupping angle, and how it varies over time. The analysis also provides a hierarchy of the influence of the input variables on the deformation tendency of the board, highlighting the most significant factors at different time points. The analysis shows that the indices for individual input variables vary greatly over time, while remaining significant, indicating the complex and dynamic nature of the problem. This suggests that the deformation tendency of the board is affected by a combination of factors, with their relative importance changing over time. Additionally, the analysis reveals that there is generally a significant deviation between the first-order index and the total index in the 6-day and 9-day analyses, while they coincide to a first approximation in the 3-day analysis. The first-order index measures the sensitivity of the model output to individual input parameters, while the total index takes into account the interactions between input parameters of different orders. The deviation between the two indices in the 6-day and 9-day analyses indicates the presence of higher-order interactions between input parameters, which have a significant impact on the deformation tendency of the board. This further highlights the complex and dynamic nature of the problem, and the importance of considering higher-order interactions in the sensitivity analysis. Overall, Sobol's analysis provides valuable insights into the sensitivity of the model's output to its input parameters, revealing the complex and dynamic nature of the deformation tendency of the board and the changing importance of input parameters over time. The analysis highlights the importance of considering higher-order interactions in the sensitivity analysis, which can help improve the accuracy and reliability of the model. This difference has the significance of denoting an interaction of the input variables, i.e. the extent to which the distribution of one variable can be influenced by the variation in the distribution of another variable. In simplified terms, we can say that two inputs have an interaction if their combined effect on the output is greater than the sum of their effects considered separately. This is equivalent to saying that variations in the ambient RH cause a variation in the MC of the hygroscopic materials of which the work is composed, and as a result it manifests a deformation behaviour that is the result of the interaction between the anatomy of the boards and the stiffness and diffusivity of the preparation layers and the colour. The fact that the interaction of variables with each other makes them more significant is therefore a fact that should not be underestimated and shows us that it is necessary to evaluate them precisely in their interaction, i.e. in the actual physical situation. It also shows us a strong system effect, which, coupled with the consideration that in this context small variations in the input variables lead to large variations in the kinetic configuration of the system, is typical of systems with a high level of complexity.
Sensitivity analysis also can be evaluated in how uncertainties in the input variables are carried into the model's response; in this view we can easily observe how the use of material properties not calibrated to the work, but, for example, extracted from literature values or simulacra, lead to enormously valuable variations on the solution, confirming the results of [16].
Regarding the results of the optimization process, it can be observed that the iterative process leads us to numerical results that tend to agree with the experimental data, with the majority of the results presenting a determination coefficient (R2) of 0.99. The most important indications from this are that the chosen variables and modelling assumptions are essentially a sufficient description of the physical system, and that numerical models can be successfully calibrated.
The logical consequence is that the input parameters of the model can be considered as representative of those that can be associated with the real phenomenon. In any case these are averaged parameters, subject to constitutive and modelling assumptions, underlying a stringent assumption of material homogeneity, etc., and are therefore themselves subject to margins of uncertainty, but nevertheless they allow a model built on them to behave like the real object.
The numerical values obtained from the optimization process (tables in Figs. 8, 9 and 10), show a large dispersion in the numerical values of each parameter between the different WPPs studied. In particular the values obtained for the stiffness of the paint layers are very variable, in the range identified by [9], and allow us to identify in WPP1, WPP5, WPP6 as panels with paint layers of low stiffness, which doesn’t prevent their flying-wood behaviour in the sealed state, confirming the qualitative analyses of [16].
WPP3 requires a special attention as the support wood is found to have a high transverse diffusivity. Observing the artwork, the restorers pointed out the presence of a protective layer of impregnating waterproofing beeswax on the back. One hypothesis to explain this early restoration choice, made in the distant past and undocumented, is that the work was probably extremely reactive and the restorers wanted to balance the emissivity of the back against the front by using of a waterproofing product. The result is in fact a board with a very high diffusivity in general, with both sides having the same emissivity, which then moves with almost symmetrical internal gradients, due to the cylindrical anisotropy characteristics of the shrinkage/swelling and the stiffness relationship between the wood and the preparation.
The optimisation process failed to find consistent parameters to fit the first part of uncoated WPP5 test. It is difficult to understand the cause of this localised deviation, given the excellent agreement of the waterproofed test. In fact, it should be noted that only the emissivity of the painted surface and the hygroscopic strain multiplier vary between the first and the second test; if the multiplier essentially leads to a vertical shift of the curve, there is no emissivity value that leads to the match. In our opinion, the cause of this could be a material inhomogeneity just below the interface between the preparation layers and the wood, or an experimental problem whose cause we could not understand.
In general, the numerical results are qualitatively slightly different from the experimental evidence in the very early stages of the transient. As shown by the local sensitivity study, at this early stage the differences that the different variables have on the initial part of the ramp are not discernible. Apart from the fact that this phase was also the most critical for the humidity generator, which needs time to stabilise the humidity in the chamber after the change, it seems to us that the main cause of this discordance is due to a local inhomogeneity in the first layers of the wood back. In these first transient moments, the internal moisture gradient of the wood only affects the first few millimetres, which act as a deformation motor for the rest of the section, which tends to maintain its size, still at the previous moisture content. The most likely causes are: ageing, damage, general inhomogeneity such as insect infestation. In any case, this is an interesting topic for future research.

Conclusions
Based on experiments on original paintings subjected to controlled thermo-hygrometric variations, a simplified physical model was developed. After methods of uncertainty analysis were applied to analyse the complexity and sensitivity of the problem, the model was calibrated on experimental tests, leading to hygro-mechanical characterisation of each studied panel.
Based on the results presented, the study demonstrated the possibility of non-invasively characterising a WPP in its complexity through direct observation of its behaviour. The parameterisation of the variables obtained by this approach then makes it possible to model its behaviour and virtually explore hypothetical conservation scenarios. While taking into account the classical limitations associated with inverse identification methods, such as the strong dependence on the physical model chosen and the enormous computational burden, and in the case of emissivity the active stirring of air, the characteristics identified—an approximation to the real ones, assuming that they can be unambiguously identified in the real object—allow the construction of numerical models whose behaviour is highly congruent with the real one. There is no guarantee that in general experimentation framework, different from the one described here, inverse analysis would be successful in the case of panel paintings. However, in the specific context described in this paper it has been shown to be effective and promising if combined with the use of appropriate modelling and experimental testing. A significant amount of effort was invested in determining the minimum number of variables required to ensure the effectiveness of the process while maintaining its full physical relevance.
The research has also shown that, in order to understand and model the hygromechanical phenomena that govern the deformation tendencies of paintings on panels, it is necessary to consider a strategy of direct analysis on the object, which, at the current state of knowledge, seems to be the only way to avoid obtaining results that have nothing to do with reality. The strategy that this study proposes, beyond the characterisation tools and techniques that can be applied or implemented, is that of “learning from objects”. We therefore start by asking the object what its deformation tendencies are, through experimental investigations. In this context, numerical analysis becomes a method to be developed in parallel with experiments and which helps to increase the level of knowledge and extract as much information as possible.
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Appendix 1
Description of the implementation of the elastic orthotropic behaviour of the wooden panel in MFront.
This appendix describes how the of the elastic orthotropic behaviour of the wooden panel has been implemented using the open source-code generator MFront co-developed under strict assurance quality constraints by CEA, EDF and Framatome in the context of a numerical plateform dedicated to the simulation of the nuclear fuel elements named PLEIADES. MFront is distributed as part of the Salomé-Méca platform and is tightly integrated with code_aster.
Notations used.	Symbol
	Description

	[image: $$\underset{\_}{\varepsilon }$$]
	Total strain in the reference system

	[image: $${\underset{\_}{\varepsilon }}^{\star }$$]
	Total strain in the material frame

	[image: $${\underset{\_}{\varepsilon }}_{hyg}$$]
	Hygromechanical strain in the reference system

	[image: $${\underset{\_}{\varepsilon }}_{hyg}^{\star }$$]
	Hygromechanical strain in the material frame

	[image: $$\underset{\_}{\underset{\_}{\mathbf{C}}}$$]
	Stiffness tensor in the reference system

	[image: $${\underset{\_}{\underset{\_}{\mathbf{C}}}}^{\star }$$]
	Stiffness tensor in the material frame




In the material frame, the orthotropic elastic behaviour amounts to the following relationship between the total strain [image: $${\underset{\_}{\varepsilon }}^{\star }$$] and the stress [image: $${\underset{\_}{\sigma }}^{\star }$$]:[image: $${\underset{\_}{\sigma }}^{\star }={\underset{\_}{\underset{\_}{\mathbf{C}}}}^{\star }\hspace{0.17em}:\hspace{0.17em}\left({\underset{\_}{\varepsilon }}^{\star }-{\underset{\_}{\varepsilon }}_{hyg}^{\star }\right)$$]

 (14)


where [image: $${\underset{\_}{\underset{\_}{\mathbf{C}}}}^{\star }$$] denotes the stiffness tensor in the material frame.
Let [image: $$\underset{\_}{\underset{\_}{\mathbf{R}}}$$] the fourth order tensor such that:[image: $$\left\{\begin{array}{cc}\underset{\_}{\varepsilon }&amp; =\underset{\_}{\underset{\_}{\mathbf{R}}}\hspace{0.17em}:\hspace{0.17em}{\underset{\_}{\varepsilon }}^{\star }\\ \underset{\_}{\sigma }&amp; =\underset{\_}{\underset{\_}{\mathbf{R}}}\hspace{0.17em}:\hspace{0.17em}{\underset{\_}{\sigma }}^{\star }\end{array}\right.$$]

 (15)



Then, the Constitutive Eq. 17 can be rewritten as follows:[image: $$\underset{\_}{\sigma }={\left(\underset{\_}{\underset{\_}{\mathbf{R}}}\right)}^{-1}\hspace{0.17em}\cdot \hspace{0.17em}{\underset{\_}{\underset{\_}{\mathbf{C}}}}^{\star }\cdot \hspace{0.17em}\underset{\_}{\underset{\_}{\mathbf{R}}}\hspace{0.17em}:\hspace{0.17em}\left(\underset{\_}{\varepsilon }-{\underset{\_}{\varepsilon }}_{hyg}\right)$$]

 (16)


or, equivalently:[image: $$\underset{\_}{\sigma }=\underset{\_}{\underset{\_}{\mathbf{C}}}\hspace{0.17em}:\hspace{0.17em}\left(\underset{\_}{\varepsilon }-{\underset{\_}{\varepsilon }}_{hyg}\right)$$]

 (17)



With[image: $$\underset{\_}{\underset{\_}{\mathbf{C}}}={\left(\underset{\_}{\underset{\_}{\mathbf{R}}}\right)}^{-1}\hspace{0.17em}\cdot \hspace{0.17em}{\underset{\_}{\underset{\_}{\mathbf{C}}}}^{\star }\hspace{0.17em}\cdot \hspace{0.17em}\underset{\_}{\underset{\_}{\mathbf{R}}}$$]

 (18)



MFront provides the mandatory functions to build [image: $${\underset{\_}{\varepsilon }}_{hyg}$$] and from the two rotation matrices corresponding to composition of the rotation in the cylindrical frame and to material frame.

Appendix 2
In its most widely used configuration, the DK basically consists of (a) two metal columns secured in a minimally invasive manner on the back face of a painted panel in such a way that they stand perpendicular to the wood surface, and (b) two displacement transducers (that constitute the Upper and Lower Measurement Line), whose opposite ends are hinged on the two columns, measuring the distance between them at fixed distances from the wood surface (Fig. 9). The outputs from the transducers are sampled at chosen time intervals, and the resulting data are stored in the memory of a data-logger for further analysis. The line connecting the points in which the axes of the two columns intersect the back face of the panel, should be as perpendicular as possible to the direction of the wood grain. As the panel deforms (for any reason, including environmental variations and applied bending moments) the two columns move and rotate relative to each other, and the centres of the spherical hinges connecting each transducer to the columns move closer together or further apart. The more the deformation of the panel approximates pure cupping without twisting and the rings in the cross-section under the measurement lines are not inclined with respect to the longitudinal direction of the board, the more the two columns remain in the same plane. So that the variations in distance measured by the transducers allow the exact reconstruction, instant by instant, of the cupping angle (i.e. the angle formed by the axes of the columns), based on the geometry of the panel-transducers-columns system (Fig. 9).
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